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Abstract
Spontaneous Parametric Down Conversion(SPDC) is one of the most celebrated and widely used processes
for the generation of entangled photon pair in the arena of the Quantum Entanglement. In this article we study
both collinear and non collinear phase matching of Spontaneous Parametric Down Conversion (SPDC) process
by using wave optics and present a theory that incorporate several different aspects of down conversion. Our
theory also incorporate several experimentally relevant parameters which are so far not part of the regular
phase matching theory. This work has implication for finding the true angular Schmidt spectrum.
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Introduction
The parametric process [1] , in the early days before the in-
vention of the laser, was initially developed for low noise am-
plifier in radio wave and microwave regime [2, 3]. With the
advent of time, non-linear optics has been adopted in the op-
tical range [4] of electromagnetic wave. Spontaneous para-
metric down-conversion (SPDC) [5–8] may be treated as a
coherent three-photon process where a crystal which is not
centrosymmetric [9] is illuminated by a pump beam. The in-
tensity of the pump beam is such that the non-linearity of the
crystal will be significant. The second order interaction re-
sults in the annihilation of a pump photon and the creation
of two down-converted photons termed the signal and idler.
One of the most important characteristics of the down con-
verted photon is that they are entangled in various degrees of
freedom [10–14].
The abbreviation SPDC is Spontaneous Parametric Down
conversion [15], this process is called ’spontaneous’ as they
are generated by the quantum vacuum fields. There is no sig-
nal or idler photon field is used to stimulate the process. It
is ’parametric’ as it depends on the electric fields of input
and output not only by intensities which imply the phase re-
lationship between the input and output fields. Conservation
of energy enforces that the signal and the idler must have
the lower frequency than the pump frequency and the words
’down conversion’ explain this.
SPDC can be implemented in two ways depending on the
polarization state of the signal and idler they are termed as
Type-I and Type-II [16]. In this article, we have reviewed
the two-photon wave function [17–19]for both type of SPDC,
discussed their phase matching conditions, and calculated the
coherence width [20] at a particular distance from the crystal
front face. The phase matching conditions decides the SPDC
will be collinear or non-collinear. Varying the angle between
the optic axis of the nonlinear crystal and the propagation of
pump beam direction we can tune the phase matching condi-
tions and that can be used for both collinear and non-collinear
two-photon source. Experimentally, this has been used for
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calculating the angular Schmidt spectrum number [21] for
both phase matching conditions for Type-I polarization. In
a separate section here we have briefly shown the theoretical
calculation of the angular Schmidt spectrum.
1. SPDC two-photon wave function
calculation
In this chapter, we will start with the classical description of
the non linear optics. then we will enter into the quantum de-
scription of the non-linearity and its interaction in quantised
form of Hamiltonian.
1.1 Wave equation:
SPDC is a second-order nonlinear optical effect [22]. From
the first principle we can study the behaviour of the light in
the non linear crystal. We want to arrive at the wave equation
from the Maxwell’s equation [25] with certain assumption
that there are no free charges and electric current is present
in the medium.
∇.D = 0 (1)
∇.B = 0 (2)
∇×E =−∂B
∂ t
(3)
∇×B = µ0 ∂D
∂ t
(4)
Here E is the Electric field, B stands for Magnetic flux den-
sity D is the electric displacement vector, µ0 is the magnetic
permeability. We have considered here that the magnetic
field is homogeneous(having the same value at all point) and
isotropic (does not depends on the direction of the propaga-
tion) in the medium. But the electric field is non linear and
anisotropic. The electric charge density ρ is taken to be 0 as
it’s our assumption that there is no free charge in the medium.
And also the current density J is taken to be zero.
The electric displacement vector D can be written as:
D = ε0E+P (5)
Here P is the polarization vector. For linear crystal, the polar-
ization [22] P = ε0χ
(1)E, means polarization depends on the
only 1st power(linear) of the electric field. But in non-linear
case the form of the polarization [24]is :
P = ε0χ
(1)E+ ε0χ
(2)EE+ ... (6)
Here the χ (1) and χ (2) are the susceptibility tensor of rank 2
and rank 3 respectively. As the SPDC is a second order non
linear effect so we should concerned about the term of polar-
ization up to EE and ignore the effect of other higher order
electric field. As the value of χ (n) (n th order susceptibility )
fall down 106times [22] the value of previous order suscepti-
bility χ (n−1). Hence we can neglect the higher order electric
field term in the equation 6.
From Maxwell’s two equations 3, 4 we get the follow-
ing differential equation which is called the wave equation in
non-linear medium.
∇(∇.E)−∇2E =−µ0 ∂
2
∂ t2
[ε0(1+ χ
(1))E+PNL] (7)
Where 1+ χ (1) = n2, n is the refractive index of the medium
. And the second order non linearity [23] is defined by
(PNL)i = χ
(2)
i jk (E) j(E)k
For simplicity we take the scalar field instead of tensor
product. Hence we arrive at PNL = ε0χ
(2)E2.
1.2 Complex Analytic Signal Representation
The mapping of a real random variable to the complex form is
called the complex signal analytic representation [27]. This
mathematical tools has outstanding advantages as far as the
calculations concern because the calculation of the complex
variable is easier than the real random variables. And in the
classical description the equations are in terms of the physi-
cal real quantity but in quantum mechanical treatment every
dynamical variable we write for the wavefunction which is
necessarily complex. Everything we need the real function
for the realisation that is why at the end of the calculation we
have to extract the real part of the quantity to get the desired
real quantity.
Now the classical monochromatic real electric field can
be represented in terms of complex signal analytic represen-
tation :
E(t) =
∫ ∞
−∞
E˜(ω)e−iωtdω
=
∫ 0
−∞
E˜(ω)e−iωtdω +
∫ ∞
0
E˜(ω)e−iωtdω
= E(−)+E(+)
(8)
Here E(+) is the complex signal representation of the real
electric field.
1.3 Non linear optics and SPDC
We have the extra term appears in the wave equation No. 7
due to the non-linearity i.e PNL = ε0χ
(2)E2.
Then consider that classical light of two distinct frequency
interacting with the non linear crystal hence the expression
for the electric field is :
E = E1e
−iω1t +E2e−iω2t + cc (9)
Now using this expression for electric field in PNL, we get
:
PNL = ε0χ
(2)(E1e
−iω1t +E2e−iω2t + cc)
× (E1e−iω1t +E2e−iω2t + cc)
= ε0χ
(2)[E21e
−2iω1t +E22e
−2iω2t + 2E1E2e−i(ω1+ω2)t
+ 2E1E
∗
2e
−i(ω1−ω2)t + |E1|2+ |E2|2+ cc] (10)
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Here in equationNo.10, each component of thePNL refers
to the different frequency which is generated due to the sec-
ond order nonlinearity of the crystal. These components and
their acronyms [22] are as follows:
PNL(2ω1) = ε0χ
(2)E21 + cc (11)
PNL(2ω2) = ε0χ
(2)E22 + cc (12)
PNL(ω1+ω2) = 2ε0χ
(2)E1E2+ cc (13)
PNL(ω1−ω2) = 2ε0χ (2)E1E∗2 + cc (14)
PNL(0) = 2ε0χ
(2)(|E1|2+ |E2|2) (15)
E∗ is the complex conjugate of E. Equations 11 and 12 im-
plies that it is possible to create an electromagnetic wave with
twice the frequency of waves one and two respectively. This
process is known as second harmonic generation or SHG.
Similarly, Eq.13 says that it is possible to create an electro-
magnetic wave with a frequency equal to the sum of the input
frequencies and Eq.14 means that it non-linearity can create
an electromagnetic wave with a frequency equal to the dif-
ference of the input frequencies. These processes are known
as sum frequency generation, SFG, and difference frequency
generation, DFG, respectively. Finally, Eq. 15 says that it
is possible to create a static polarization in the material with
zero frequency,which is known as optical rectification or OR.
χ(2)
χ(2)
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Figure 1. Difference frequency generation energy diagram
For difference frequency generation atω3 =ω2−ω1 (Fig:1)
from the field at frequency ω1, the field at ω2 is not neces-
sarily to be present in all case. If the field of ω2 is present
then the difference frequency generation is stimulated by the
field at frequency ω2. The process has a very high efficiency
and is called the optical parametric amplification/oscillation.
However, even in the absence of ω2, one can have difference
frequency generation as the vacuum mode at frequency ω2
is always present and this vacuum mode stimulates this pro-
cess. The efficiency of the process is very low and is called
spontaneous parametric down-conversion.
Each photon in this process obeys the conservation of en-
ergy and momentum. Hence ω1 = ω2 +ω3 and k1 = k2 +
k3.These constraints make the two-photon entangled in their
energy-time [13], position-momentum [12], angular position-
orbital angular momentum [14] degree of freedom. This pro-
cess is very very rare phenomena, around 1 times out of 106.
1.4 Hamiltonian for SPDC (Classical)
The classical Hamiltonian for the electromagnetic field [26]
is given by:
H =
1
2
∫
[
−→
E .
−→
D +
−→
B .
−→
H ]dV (16)
For the linear medium, the Hamiltonian is well established
and its result is known. For our interest in non linear effect,
we can take the linear part as unperturbed Hamiltonian(H0).
And due to the non-linearity, the additional term can be treated
as the perturbing term of the Hamiltonian(HI). So for Spon-
taneous parametric down conversion the HI [28]is :
HI =
ε0
2
∫
χ
(2)
i jκ (EP)i(ES) j(EI)κdV (17)
Using the complex signal analytic representation as in Equa-
tion 8 we can write pump field (EP), signal field(ES) and the
idler(EI) in the following form:
EP = E
(+)
P +E
(−)
P
ES = E
(+)
S +E
(−)
S
EP = E
(+)
I +E
(−)
I
So, we get :
HI =
ε0
2
∫
χ
(2)
i jκ [E
(+)
P +E
(−)
P ]i[E
(+)
S +E
(−)
S ] j[E
(+)
I +E
(−)
I ]κdV
(18)
This equation18 contains total eight terms but out of only two
term E
(+)
P E
(−)
S E
(−)
I and E
(−)
P E
(+)
S E
(+)
I has the contribution to
the Hamiltonian for parametric down conversion. as other six
terms get averaged out when HI integrated over time. This
is quite analogous to making the rotating-wave approxima-
tion as in the case of treating atomic absorption and emission
processes (see Ref. [29], Section 2.3). Hence, the perturbed
Hamiltonian term for Spontaneous parametric down conver-
sion is :
HI =
ε0
2
∫
χ
(2)
i jκ (E
(+)
P )i(E
(−)
S ) j(E
(−)
I )κdV + cc (19)
Where, E
(−)
P E
(+)
S E
(+)
I is the complex conjugate term of
E
(+)
P E
(−)
S E
(−)
I .
1.5 Schrodinger picture
To get the quantummechanical two-photon Parametric Down
Conversion wavefunction from the Perturbing Hamiltonian
we have to use the Schrodinger picture of time evolution.
That means if we know the wave function initially, then af-
ter a certain time t we can obtain the wavefunction by this
treatment:
|Ψ(t)〉= e− ih¯
∫ t
tinitial
HI (t
′)dt′ |tinitial〉 (20)
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Now we apply the perturbation expansion [30] and the equa-
tion 20 looks like:
|Ψ(t)〉= |tinitial〉− i
h¯
∫ t
tinitial
HI(t
′)dt ′|tinitial〉+ |Ψ(t)〉
+(
i
h¯
)2
1
2!
∫ t
t′
HI(t
′)dt ′
∫ t′
tinitial
HI(t
′′)dt ′′|tinitial〉+ ....
(21)
In this equation 21 the first term in the right hand side rep-
resents the vacuum emission, the second term represents the
photon pair emission and the third term represents the four-
photon emission and so on. But we will ignore those higher
order term, as well as the four-photon emission term as the
higher pair of photon generation, is extremely rare.
For our purpose, we will set the time such that when the
pump field just enter the crystal means the initial time of inter-
action we will take as−tint and the final time when the photon
pair is coming out from the crystal, means just in front of the
crystal the time is set to t=0, now the |ψ(0)〉 will be [31, 32]:
|Ψ(0)〉= |− tint〉− i
h¯
∫ 0
−tint
HI(t
′)dt ′|− tint〉 (22)
1.6 Quantum scenario of SPDC
In this subsection, we will discuss the quantum description
about the SPDC. First, we write the quantised form of the
electric field [33], [34] for getting the expression of interac-
tion Hamiltonian perturbation term.
The quantised electric field can be represented as:
E+(r, t) =
i√
V
∑
k,σ
ek,σ
√
h¯ω
2ε0n2(k,σ )
âk,σ (ω)G(ω)e
i[k.r−ω.t]
(23)
Where V is the quantisation volume, ek,σ
1 represents the po-
larization vector of light having wave vector k and polariza-
tion state σ . ε0 is the vacuum permittivity. n is the refractive
index experienced by the field due to the propagation along
k and polarization σ . â is the annihilation operator, G(ω) is
the transmission function of the interference filter.
As the probability of generating the SPDC photon is very
less(once in a million). So the pump field must be very strong
compared to daughter signal and idler photon field. Hence
the pump field can be treated as the classical field, which
implies that in the expression of electric field instead of the
annihilation operator we can replace by just pump field am-
plitude function vp. So, HI is :
HI =
1
V 3/2
∑
kP,σP
∑
kS,σS
∑
kI ,σI
χ
(2)
i jκ [(ekP,σP)i(e
∗
kS,σS
) j(e
∗
kI ,σI
)κ ]
× [(gkP,σP)i(g∗kS,σS) j(g∗kI ,σI )κ ][vP(ωP,kP)â†kS,σS(ωS)â
†
kI ,σI
(ωI)]
× [
∫
V
dVe−i(kS+kI−kP).r]× [ei(ωS+ωI−ωP)t ]+ cc
1The bold font characters represents the vector quantity.
(24)
Here we have distinguished the three field as pump (P),signal(S)
and idler(I).
gk j ,σ j = i
√
h¯ω j
2ε0n2(k j ,σ j)
G(ω j) (25)
1.7 two-photon wavefunction
Now putting the expression of HI from equation 24, the two-
photon wavefunction of the equation No. 22 can be written
as:
|ψ(0)〉= 1
ih¯V 3/2
∑
kP,σP
∑
kS,σS
∑
kI ,σI
χ
(2)
i jκ [(ekP,σP)i(e
∗
kS,σS
) j(e
∗
kI ,σI
)κ ]
× [(gkP,σP)i(g∗kS,σS) j(g∗kI ,σI )κ ][vP(ωP,kP)â
†
kS,σS
(ωS)â
†
kI ,σI
(ωI)]
× [
∫
V
e−i(kS+kI−kP).rdV ]× [
∫ 0
−tint
ei(ωS+ωI−ωP)t
′
dt ′]|− tint〉+ cc
(26)
Here the first term | − tint〉 is neglected as it is the quantum
vacuum state which is by no means simply the empty space.
The interaction time tint is assumed to be much longer than
the time scale over which down-conversion takes place and
much smaller than the time interval between two consecutive
down-conversion events. Then the limit of the integration dt ′
can be taken as −∞ to ∞ [31, 35]. So the time part of the
integration gives :∫ ∞
−∞
ei(ωS+ωI−ωP)t
′
dt ′ = δ (ωS+ωI−ωP) (27)
Now we will look for the integration of dV . First, we can sub-
stitute
∫
V dV to
∫∫∫
dxdydz and we will set the co-ordinate for
the crystal as such that, mathematically the limit of the inte-
grals will be (−Lx/2 to +Lx/2),(−Ly/2 to +Ly/2) and (−L
to 0) see fig.2 We also can write the wave vector, component
wise kj = q jxxˆ+ q jyyˆ+ k jzzˆ , where j represents P- pump,S-
signal and I- idler.
So, working out on the integration :
∫
V
e−i(kS+kI−kP).rdV
= [
∫ Lx
−Lx
e−i(qSx+qIx−qPx)xdx]× [
∫ Ly
−Ly
e−i(qSy+qIy−qPy)ydy]
× [
∫ 0
−L
e−i(kSz+kIz−kPz)zdz]
= (LxLyL)sinc[(qSx+ qIx− qPx)Lx
2
][e−i(kSz+kIz−kPz)
L
2 ]
× sinc[(qSy+ qIy− qPy)
Ly
2
]× sinc[(kSz+ kIz− kPz)L
2
]
(28)
With another approximation that the crystal transverse length
with respect to the pump field means Lx and Ly are large
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Figure 2. Coordinate of the non linear crystal. Pump field
propagation direction is along z direction
enough than the pump beam size and this makes two sinc
function necessarily into delta function. As we can write
q jxxˆ+ q jyyˆ = q j and LxLyL = Vc, total volume of the crys-
tal,then the previous integration value becomes:
∫
V
e−i(kS+kI−kP).rdV
=Vcsinc[(kSz+ kIz− kPz)L
2
][e−i(kSz+kIz−kPz)
L
2 ]δ (qS+qI−qP)
(29)
And at the time −tint , means at the moment of starting
the interaction there is no signal and idler photon. So the
two-photon wave function at t = −tint is nothing but the vac-
uum state. Mathematically the wavefunction we can write
|− tint〉= |vac〉S|vac〉I .
The operator gives the result:
â
†
kS,σS
(ωS)â
†
kI ,σI
(ωI)|vac〉S|vac〉I = |kS,σS,ωS〉|kI ,σI ,ωI〉
(30)
Here the |kS,σS,ωS〉 and |kI,σI ,ωI〉 are the single photon
fock state in the mode (kS,σS,ωS) and (kI,σI ,ωI).
Now if we think about the complex conjugate part (cc) of
|ψ(0)〉 in equation No. 26 , that will have the operator part
âkS,σS(ωS)âkI ,σI (ωI) .
We know in vacuum state there is no photon so annihilat-
ing such state will give nothing.
âkS,σS(ωS)âkI ,σI (ωI)|vac〉S|vac〉I = 0 (31)
With all these result from equation No. 27, 29, 30 and 31
and gathering them in equation No. 26 we obtain :
|ψ(0)〉= Vc
ih¯V 3/2
∑
kP,σP
∑
kS,σS
∑
kI ,σI
χ
(2)
i jκ (ekP,σP)i(e
∗
kS,σS
) j
(e∗kI ,σI )κ × [(gkP,σP)i(g∗kS,σS) j(g∗kI ,σI )κ ]× [vP(ωP,kP)]
×[e−i(kSz+kIz−kPz) L2 ]× sinc[(kSz+ kIz− kPz)L
2
]δ (qS+qI−qP)]
×[δ (ωS+ωI−ωP)]|qS,σS,ωS〉|qI ,σI ,ωI〉
(32)
Where |q j,σ j,ω j〉 represents the one photon state in the mode
defined by transverse wave vector components q j, polariza-
tion σ j and frequency ω j. Now to get the simplified form of
the above equation it is convenient to make some assumption:
• It is considered that gk j ,σ j and χ (2)i jκ are slowly varying
function of k j and ω j, so we can take these as constant.
• The quantisation volume [34] is chosen in such a way
that we can replace the summation by integration.
• As we are doing the calculation for BBO- negative uni-
axial crystal [36], the pump beam is necessarily ex-
traordinary polarized [37].
Hence we can write :
|ψ(0)〉= ∑
σS,σI
CσS,σI
∫
G(ωS)dωS
∫
G(ωI)dωI
∫
dqS
∫
dqI
× [e−i(kSz+kIz−kPz) L2 ]× sinc[(kSz+ kIz− kPz)L
2
]
×
∫
dωP
∫
dqp[vP(ωP,qP)][δ (qS+qI−qP)]
[δ (ωS+ωI−ωP)]|qS,σS,ωS〉|qI ,σI ,ωI〉
(33)
Now integrating to remove the delta function we get:
|ψ(0)〉= ∑
σS,σI
CσS,σI
∫
G(ωS)dωS
∫
G(ωI)dωI
∫
dqS
∫
dqI
×[e−i(kSz+kIz−kPz) L2 ]× sinc[(kSz+ kIz− kPz)L
2
]
×[vP(ωS+ωI,qS+qI)]|qS,σS,ωS〉|qI ,σI ,ωI〉
(34)
If we make sure us by using the particular frequency filter
to get only ωS and ωI then we can make the wavefunction
free from integration over dωS and dωI . Hence our desired
two-photon wavefunction for Spontaneous Parametric down
conversion is :
|ψ(0)〉= ∑
σS,σI
∫
dqS
∫
dqIφσS,σI |qS,σS,ωS〉|qI ,σI ,ωI〉
(35)
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Where,
φσS,σI =CσS,σIG(ωS)G(ωI)× [vP(ωS+ωI,qS+qI)]
×[e−i(kSz+kIz−kPz) L2 ]× sinc[(kSz+ kIz− kPz)L
2
]
(36)
Here the CσS,σI is the coupling constant depends on the state
of the polarization of the signal and idler both and the non-
linear susceptibility term. And the G(ωS) and G(ωI) are the
spectral functions defined by the frequency selecting filter
placed in front of the detector.
2. Phase matching
Calculation of the three wave down conversion requires the
conservation of energy and conservation of momentum,which
is termed as the phase matching. As the process is non res-
onant, a down converted photon may be emitted over a wide
range of wavelengths, so long as the energy and momentum
conservation conditions for the pair of photons are met. The
individual photons of a pair may also propagate along dif-
ferent directions, this is referred to as non-collinear phase-
matching (see fig: 3). Collinear phase-matching, where the
incident photon and the output pair of photons propagate in
the same direction inside the crystal.
(a) (b)
ksks ki ki
kp kp
Figure 3. Collinear and non-collinear phase matching
diagram.
Spontaneous Parametric down conversion can be achieved
in two different varieties depending on the state of polariza-
tion of the signal and idler. If both signal and idler are or-
dinary polarized then it is termed as Type-I [16] SPDC. If
the signal and idler photon are orthogonally polarized ( sig-
nal is extraordinary idler is ordinary or vice versa )to each
other then it is called Type-II SPDC [38, 39]. In this chap-
ter, we will find the phase matching condition for both the
Type-I and Type-II SPDC. In each case collinearity and non-
collinearity appears due to the changes of the parameter of
phase matching conditions.
For our calculation pump field is extraordinary polarised.
The mathematical expression in equation 36 the sinc func-
tion, as well as exponential part, are carrying the effective-
ness of phase matching conditions. When they are perfectly
matched, which means kSz+ kIz = kPzthen value of sinc func-
tion and the exponential part is maximum equal to 1 and the
mismatch of phase kSz+ kIz 6= kPz makes less probable to get
the SPDC photon pair and hence the intensity is lower.
The direction of the propagation of the pumpfield is taken
as the z direction conventionally. If the anisotropy of the
medium is neglected then the longitudinal phase mismatch
(kSz+ kIz− kPz) can be written as [16] :√
|kS|2−|qS|2+
√
|kI |2−|qI|2−
√
|kP|2−|qP|2 (37)
The non-linear crystals used for parametric down-conversion
is an anisotropic material, so the each longitudinal compo-
nent of wave vector (kz) will get modified by the different
amount as they will realise different refractive index inside
the anisotropic medium. Here we are analysing for only uni-
axial anisotropic medium because of : (i)The majority of the
work on spatial correlation properties of two-photon states,
the photon pairs are generated by spontaneous parametric
down-conversion in uniaxial crystals. (ii) The physics of
down-conversion in biaxial crystals, though more realistic,
but to the best of our knowledge it does not contain any es-
sentially new effect than the uni axial medium.
Before going to the expressing the k jz in terms of the
transverse components of the wave vector qj prerequisite are
the wave propagation in the anisotropic medium.
2.0.1 Wave propagation in anisotropic medium
We are assuming the BBO crystal is electrically anisotropic
and magnetically isotropic medium with the magnetic per-
meability µ0. Now we can write the electric displacement
vector [40] in the following way:DxDy
Dz
=
εxx εxy εxzεyx εyy εyz
εzx εzy εzz
ExEy
Ez
 (38)
This 3× 3 matrix is called the dielectric tensor (ε). And
D = εE. We can choose a coordinate system, such that the
dielectric matrix will be diagonal.
ε =
εx′ 0 00 εy′ 0
0 0 εz′
 (39)
Lets the new coordinates be (x′,y′,z′). And we define that the
pump field is extraordinary polarised and it is propagating
parallel to z co-ordinate (see figure: 4). The optic axis is
along this z′(in new co ordinate system which is connected to
our actual frame of reference by rotation of angle θ about the
y axis).
For the uniaxial crystal, refractive index experience by
ray along parallel to the optic axis is denoted as ne and for
perpendicular to the optic axis direction, the refractive index
is no. Here the optic axis is parallel to the z
′ direction. Hence
we can write
εz′
ε0
= n2e and
εx′
ε0
=
εy′
ε0
= n2o .
So, the electric displacement vector in the new co-ordinate
system is :Dx′Dy′
Dz′
= ε0
n20 0 00 n20 0
0 0 n2e
Ex′Ey′
Ez′
 (40)
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Pump
Idler
Signal
Optic axis
Laser
x
x
z
y=y'
z

Figure 4. The co ordinate axes of the crystal and the new
diagonalised co ordinate axes connected by rotation about
the y axis.
We now consider that the plane wave is propagating through
the anisotropic medium, so the electric field in the original
frame can be written as :
E = E0e
i[k.r−ωt] (41)
Here k = qxxˆ+qyyˆ+kzzˆ and position vector r = xxˆ+yyˆ+zzˆ.
But in the new transformed co-ordinate it will be :
E′ = E′0e
i[k′.r′−ωt] (42)
Where the wave vector can be written as k′ = qx′ xˆ′+ qy′ yˆ′+
kz′ zˆ′ and position vector can be represented as r′ = x′xˆ′ +
y′yˆ′+ z′zˆ′.
Combining Maxwell equation No. 3 and 4 in the new co or-
dinate system we get:
∇′(∇′.E′)−∇′2E′ =−µ0 ∂
2D′
∂ t2
(43)
Here ∇′ = xˆ′ ∂∂x′ + yˆ
′ ∂
∂y′ + zˆ
′ ∂
∂ z′ . Also we are taking that c
2 =
1
µ0ε0
:
(k′.E′)k′−|k|2E′ =−(ω
c
)2(
ε
ε0
)E′ (44)
From the above vector equation we get the three simultane-
ous scalar equations:
[(
noω
c
)2− q2y′− k2z′ ]Ex′ + qx′qy′Ey′ + qx′kz′Ez′ = 0 (45)
qx′qy′Ex′ +[(
noω
c
)2− q2x′− k2z′ ]Ey′ + qy′kz′Ez′ = 0 (46)
qx′kz′Ex′ + qy′kz′Ey′ +[(
neω
c
)2− q2x′− q2y′ ]Ez′ = 0 (47)
we can now eliminate the Ex′,Ey′,Ez′ from the above
three equations by using the condition of non trivial solution.
The solution exists if the determinant of their coefficient is
zero.∣∣∣∣∣∣
( noω
c
)2− q2
y′− k2z′ qx′qy′ qx′kz′
qx′qy′ (
noω
c
)2− q2
x′− k2z′ qy′kz′
qx′kz′ qy′kz′ (
neω
c
)2− q2
x′− q2y′
∣∣∣∣∣∣
= 0
(48)
Which gives:
(
ω
c
)2[(
ω
c
no)
2− q2x′− q2y′− k2z′ ]
× [(ω
c
none)
2− (noqx′)2− (noq′y)2− (nekz′)2] = 0
(49)
As we know that ω
c
6= 0. And from the second factor we can
write the following equation. It gives the condition for the
ordinary ray:
q2
x′ + q
2
y′ + k
2
z′
n2o
=
ω2
c2
(50)
And the final term gives the extraordinary ray condition equa-
tion
(noqx′)
2+(noqy′)
2+(nekz′)
2− (ω
c
none)
2 = 0 (51)
These expressions are all in the new coordinate frame but in
general we need them in the actual lab frame of references.
For that, the proper transformation relation is necessary to
know. We considered that pump field is propagating along z
axis and lets it make angle θ with the optic axis of the crystal
where the optic axis of the crystal is along the diagonal of the
crystal, see figure:4. From the picture we can easily say that
we need rotation of angle θ along the y axis. So our rotation
matrix is:x′y′
z′
=
 cosθ 0 sinθ0 1 0
−sinθ 0 cosθ
xy
z
 (52)
Now we want to impose one condition that the co-ordinate
change will not make the plane wave change any more. To
ensure this the equation of constraint is: k.r = k′.r′
(kxx+ kyy+ kzz) = kx′(xcosθ + zsinθ )+ ky′y
+kz′(−xsinθ + zcosθ )
(53)
Making the coefficient of x, y, z equal individually in both
sides of the equation we obtain.
kx = kx′ cosθ − kz′ sinθ (54)
ky = ky′ (55)
kz = kx
′ sinθ + kz′ cosθ (56)
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Hence these equations 54, 55, 56 says:
kx′ = kx cosθ + kz sinθ (57)
ky′ = ky (58)
kz′ =−kxsinθ + kz cosθ (59)
Now we have the equation No. 50 in desired general co-
ordinate frame :
q2x + q
2
y+ k
2
z
n2o
=
ω2
c2
(60)
From the paraxial approximation we can write the longitudi-
nal wave vector(kz) for o-ray [41]:
kz =
√
(n0
ω
c
)2−|q|2 ≈ n0 ω
c
− c
2noω
|q|2 (61)
Similarly the equation No. 51 in the general co-ordinate
frame [41]:
[
sin2 θ
n2e
+
cosθ
n2o
]k2z +[
cos2 θ
n2e
+
sin2 θ
n2o
]q2x+
q2y
n2e
+[
1
n2e
− 1
n2o
]sin2θqxkz− (ω
c
)2 = 0
(62)
This is the quadratic equation of the kz of form ak
2
z + bkz+
c= 0 . And this leads to the solution [41] of kz
kz =−αqx+
√
(η ω
c
)2−β 2q2x− γ2q2y (63)
≈−αqx+η ωc − c2ηω [β 2q2x + γ2q2y] (64)
where
α =
(n2o− n2e)sinθ cosθ
n2o sin
2 θ + n2e cos
2 θ
(65)
β =
none
n2o sin
2 θ + n2e cos
2 θ
(66)
γ =
no√
n2o sin
2 θ + n2e cos
2 θ
(67)
η =
none√
n2o sin
2 θ + n2e cos
2 θ
(68)
2.1 Type-I Phase matching
Now we will look at the two-photon wave function for the
Type-I phase matching condition and its dependence :
As for Type -I the pump field is extraordinary , and the signal
and the idler are both ordinary ray. So,
kpz =−αpqpx+ηp ωp
c
− c
2ηPωP
[β 2pq
2
px+ γ
2
pq
2
py] (69)
kSz = noS
ωS
c
− c
2noSωS
|qS|2 (70)
kIz = noI
ωI
c
− c
2noIωI
|qI |2 (71)
Here the constant terms αp,βp, γP,ηp are calculated from the
equation 65, 66, 67, 68 respectively. where θ is the pump
propagation angle with optic axis but most importantly the
no and ne have the value at the pump frequency i.e ωP. As
they obey the proper dispersion relation. And also for the
terms kSz and kIz the pump angle is same all time but the noS
should be equal to noI the refractive index of ordinary ray of
signal and idler respectively at their respective frequencies.
For SPDC ωS = ωI =
ωP
2
hence,noS = noI according to dis-
persion relation. And also qpx = qSx+qIx, qpy = qSy+qIy the
x,y component of pump beam will equal to the sum of x,y
component of signal and idler beam as the SPDC conserves
the momentum. Hence we get:
∆kz = kSz+ kIz− kPz
= noS
ωS
c
+ noI
ωI
c
−ηp ωp
c
+
c
2ηPωP
[β 2pq
2
px+ γ
2
pq
2
py]
+αp(qSx+ qIx)− c
2noSωS
|qS|2− c
2noIωI
|qI |2
2 And the two-photon wave function [41] will be :
|ψ(0)〉=
∫
dqS
∫
dqIφoo|qS,ωS〉|qI ,ωI〉 (72)
φoo =CooG(ωS)G(ωI)× [vP(ωS+ωI,qS+qI)]
× [e−i∆kz L2 ]× sinc[∆kzL
2
]
(73)
The∆kz is the phase matching term. Various parameter (wave-
length, pump angle between pump propagation direction and
the optic axis of the crystal, beam waist, thickness of the
crystal of this will decide the SPDC will be collinear or non-
collinear. In the result section, we show their effectiveness.
2.2 Type-II Phase matching
In Type-II system, pump field is extraordinary but the sig-
nal and idler are orthogonally polarised. Mathematically, the
two-photon wavefunction is the superposition of wavefunc-
tion of two conditions( condition 1, condition 2 ) with equal
probabilities. The conditions are: (i)signal is extraordinary
the idler is ordinary. (ii)the signal is ordinary and the idler is
extraordinary.
2.2.1 Condition1
In this condition the signal is e-ray and the idler is o-ray. So
we can write:
kpz =−αpqpx+ηpωp
c
− c
2ηPωP
[β 2pq
2
px+ γ
2
pq
2
py] (74)
kSz =−αSqSx+ηS ωS
c
− c
2ηSωS
[β 2S q
2
Sx+ γ
2
Sq
2
Sy] (75)
kIz = noS
ωI
c
− c
2noIωI
|qI |2 (76)
2 Transverse magnitudes |qS|2 = q2Sx+q2Sy ,|qI |2 = q2Ix+q2Iy
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Here αp,βp,γp,ηp are calculated by putting the value of no
and ne at the pump frequency. But for calculating the value of
αS,βS,γS,ηS we have to take the value of no and ne at the fre-
quency ωS =
ωP
2
but the pump angle θ will remain the same.
And the value of noI in the expression of kSz is nothing but the
ordinary refractive index of idler at the frequency ωI =
ωP
2
.
So for this condition the phase mismatch term is,
∆k1z = kSz+ kIz− kPz
=−αSqSx+ηS ωS
c
− c
2ηSωS
[β 2S q
2
Sx+ γ
2
Sq
2
Sy]
+ noI
ωI
c
− c
2noIωI
|qI |2+αp(qSx+ qIx)−ηp ωP
c
+
c
2ηPωP
[β 2p(qSx+ qIx)
2− γ2p(qSy+ qIy)2] (77)
Hence we can write that
φeo =CeoG(ωS)G(ωI)× [vP(ωS+ωI,qS+qI)]
×[e−i∆k1z L2 ]× sinc[∆k1zL
2
]
(78)
2.2.2 Condition2
Another condition is: signal is ordinary and idler is extraordi-
nary polarised. So similarly like before we can write :
kpz =−αpqpx+ηp ωp
c
− c
2ηPωP
[β 2pq
2
px+ γ
2
pq
2
py] (79)
kSz = noS
ωS
c
− c
2noSωS
|qS|2 (80)
kIz =−αIqIx+ηI ωI
c
− c
2ηIωp
[β 2I q
2
Ix+ γ
2
I q
2
Iy] (81)
The values of αI ,βI ,γI ,ηI are calculated with taking the val-
ues of no and ne at the frequency of idler ωI =
ωp
2
. noS is the
ordinary ray refractive index at ωI frequency.
Now for this the mismatch term is :
∆k2z = kSz+ kIz− kPz
= n0S
ωS
c
− c
2noSωS
|qS|2−αIqIx+ηI ωI
c
− c
2ηIωp
[β 2I q
2
Ix+ γ
2
I q
2
Iy]+αp(qSx+ qIx)−ηp
ωp
c
+
c
2ηPωP
[β 2p(qSx+ qIx)
2+ γ2p(qSx+ qIx)
2] (82)
Hence we can write that
φoe =CoeG(ωS)G(ωI)× [vP(ωS+ωI,qS+qI)]
×[e−i∆k2z L2 ]× sinc[∆k2zL
2
]
(83)
Finally, the two-photon wave function for the Type-II [41] is
:
|ψ(0)〉=
∫
dqS
∫
dqI [φeo+φoe]|qS,ωS〉|qI ,ωI〉 (84)
3. Pump field propagation
We consider a general experimental set up(see fig: 5 ) and
Gaussian pump field where the beam waist is not exactly at
the crystal back face. But to calculate the two-photon wave-
functionwe need to know the pump field amplitude vP(ωP,qP)
in momentum space just before the crystal. Here in this sec-
tion, we have calculated the vP(ωP,qP).
Figure 5. Experimental set up for generation of the SPDC
photon pair.
From the paraxial wave equation, we have the expression
for the electric field of the Gaussian beam [42,43] at the beam
waist position :
E(x′,y′;z′ = 0) = Ae
− (x′2+y′2)
ω2o (85)
Here the ωo is the beamwaist. And we are choosing our coor-
dinate (x′,y′,z′) system such that it has the origin at the beam
waist.
The transverse momentum representation of the field is
given by :
E˜(qx,qy;z
′ = 0) =
∫ ∫
E(x′,y′;z′ = 0)ei(qxx
′+qyy′)dx′dy′
=
∫ ∫
Ae
− (x′2+y′2)
ω2o × ei(qxx′+qyy′)dx′dy′
= A′e−
ω2o (q
2
x+q
2
y )
4
(86)
The transverse field profile under propagation can be ex-
pressed as the Fresnel diffraction integral [44],
E(x′,y′;z′) =
eikz
′
iλ z′
∫ ∫
E(x′′,y′′;z′ = 0)× e ik2z′ [(x′−x′′)2+(y′−y′′)2]dx′′dy′′
(87)
This propagation integral is essentially the two dimensional
convolution E(x′,y′;z′) = E(x′,y′;z′ = 0)∗h(x′,y′;z′), where
h(x′,y′;z′) =
eikz
′
iλ z′
e
ik
2z′ [x
′2+y′2]
(88)
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Using the convolution theorem for Fourier transforms, we
know that
E˜(qx,qy;z
′) = E˜(qx,qy;z′ = 0) h˜(qx,qy;z′) (89)
The function h˜(qx,qy,z
′) can be evaluated as,
h˜(qx,qy;z
′) =
∫ ∫
h(x′,y′;z′)ei(qxx
′+qyy′)dx′dy′
=
eikz
′
iλ z′
∫ ∫
exp
{
ik
2z′
[x′2+ y′2]
}
exp
{
i(qxx
′+ qyy′)
}
dx′dy′
= eikz
′
exp
{
− iz
′(q2x + q2y)
2k
}
(90)
Substituting this in the Equation. 89 , we get
E˜(qx,qy;z
′)=A′eikz
′
exp
{
− (q
2
x+ q
2
y)
4
(
ω2o +
2iz′
k
)}
(91)
This is the expression for the Gaussian classical pump
field at just before the crystal. Now as the distance between
the beam waist position and the crystal front face is d then
the desired expression for the Gaussian pump field amplitude
in momentum space is :
vP(ωP,qP) = A
′exp
{
−|qP|
2
4
(
ω2o +
2id
kP
)}
(92)
4. SPDC by Simulation
We have the expression for the two-photon wavefunction in
momentum space at the crystal front face. But the expression
is not exactly analytical, it contains two infinite integrals. We
computationally have done the integral and got the wavefunc-
tion in momentum space. Now to get the intensity pattern of
the two-photon field at a large distance(Fraunhofer region)
we need to make two dimensional Fourier transform to go to
position space. But the field at crystal front face in momen-
tum space, that will be the exactly same at far field distance
from the crystal in position space.
I = 〈Ψ(ρS,ρI)|Ψ(ρS,ρI)〉 f ar = 〈Ψ(qS,qI)|Ψ(qS,qI)〉near
(93)
For a specific pump frequencyωp, the angle of pump field
direction with the optic axis of crystal θ , crystal longitudinal
thickness L the intensity of SPDC photon at far field will be :
I = ∑
σS,σI
∑
σ ′S,σ ′I
∫
dqS
∫
dqI
∫
dq′S
∫
dq′ICσS,σIC
∗
σ ′S,σ ′I
|G(ωS)|2|G(ωI)|2[vP(ωP,qS+qI)][v∗P(ωP,q′S+q′I)]
× ei(k′Sz+k′Iz−k′Pz) L2 × e−i(kSz+kIz−kPz) L2 (94)
× sinc[(kSz+ kIz− kPz)L
2
]sinc[(k′Sz+ k
′
Iz− k′Pz)
L
2
]
×〈q′S,σ ′S,ωS|qS,σS,ωS〉〈q′I ,σ ′I ,ωI |qI,σI ,ωI〉
Simplifying the expression by using the bra-ket proper-
ties we get,
I =
∣∣∣∣ ∑
σS,σI
∫
dqS
∫
dqIG(ωS)G(ωI)CσS,σI vP(ωP,qS+qI)
× e−i(kSz+kIz−kPz) L2 sinc[(kSz+ kIz− kPz)L
2
]
∣∣∣∣2
(95)
We have the expression for Gaussian field amplitude for
the set up 5. Plugging in that, the far field intensity distribu-
tion over the transverse plane for type-I is :
I =
∣∣∣∣A′ ∫ dqS ∫ dqIG(ωS)G(ωI)Coo
×exp
{
−|qs+qI|
2
4
(
ω2o +
2id
kP
)}
e−i(kSz+kIz−kPz)
L
2
×sinc[(kSz+ kIz− kPz)L
2
]
∣∣∣∣2
(96)
Similarly for type-II SPDC, the intensity will be:
I =
∣∣∣∣A′ ∫ dqS ∫ dqIexp{−|qs+qI|24
(
ω2o +
2id
kP
)}
×G(ωS)G(ωI)
[(
Ceoe
−i∆k1z L2 sinc[∆k1z
L
2
]
)
+
(
Coee
−i∆k2z L2 sinc[∆k2z
L
2
]
)]∣∣∣∣2
(97)
where ∆k1z, ∆k2z can be taken from equation 77 and equation
82 respectively.
For the simulation of intensity pattern we have used the
dispersion relation for the refractive index of the ordinary po-
larised light [45] for BBO crystal :
n2o(λ ) = 2.7405+
0.0184
λ 2− 0.0179− 0.0155λ
2 (98)
Also for the refractive index of the extraordinary [45], the
dispersion relation is:
n2e(λ ) = 2.3730+
0.0128
λ 2− 0.0156− 0.0044λ
2 (99)
In the both cases the λ , is the corresponding wavelength at
which the refractive index is required should be in microme-
ter (µm) .
5. Results
In this section, we will investigate the intensity profile of the
SPDC photon in various phase matching conditions both ex-
perimentally and theoretically. To obtain the SPDC, we have
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used the BBO; β -barium borate crystal mounting on a go-
niometer which can be rotated by 0.04 degree in each step to
change the external angle between optic axis and the pump
field propagation direction. The relation between the exter-
nal angle and the internal angle (θp) of optic axis can be ob-
tained from Snell’s law [34].
(a) (b) (c)
(d) (e) (f)
Figure 6. (a), (d)Intensity pattern of the type-I SPDC at far
field in the transverse plane of the propagation obtained
experimentally and theoretically respectively, for Gaussian
pump wavelength = 405 nm, ωo=388µm, d=107.8cm, L=
2mm, and θP= 28.64
◦ . (b), (e) The corresponding intensity
pattern for θP= 28.74
◦. (c), (f) The corresponding intensity
for θP= 28.95
◦.
In Fig:6(a), (d) the blob represents the collinear phase
matching. But as θP is increasing the blob becomes ring
and the ring expands, which ensures more non-collinear. The
ring has some width, called correlation width has been dis-
cussed in the another section. The intensity pattern looks
like blob for collinear condition because, the idler photons
are at just behind their corresponding signal photons. For
non-collinear the points of ring are signal(idler) photons and
the corresponding entangled idler(signal) photons are situ-
ated just opposite side to it, with respect to the center of the
ring. The collinear condition depends on the pump wave-
length. Theoretically the θP for 355 nm pump beam is 32.89
◦
where ωo= 388µm, d =107.8 cm, L= 2mm . The figure
7 shows the effect of the thickness of the crystal on phase
matching condition.
Type-II SPDC appears at larger angle θP for BBO. We
have put the same crystal for type-II which we have used for
type-I as well and measured the output intensity (Figure: 8)
in EMCCD camera. Here also the blob becomes ring and
ring expands as the θP increases. The two ring corresponds
to signal and idler with orthogonal polarization.
5.1 polarization Entanglement
In case of the Type-I SPDC both the signal and idler are or-
dinary polarised. So, Type-I phase matching cannot easily
provide us the polarization entangled signal and idler photon
pair. Still, it is highly popular for generation of the hyper
(a) (b) (c)
Figure 7. Theoretically simulated intensity variation of the
type-I dwn conversion at far field for different thickness(L)
of the BBO: β -barium borate crystal;(a)L= 1mm , (b) L=
2mm, (c)L=3mm. Where λP= 405 nm, θP= 28.74
◦,
ωo=388µm, and d=107.8 cm.
(b) (c) (d)(a)
(e) (f) (g) (h)
Figure 8. (a), (e) Type-II SPDC intensity distribution
measured and theoretical simulation respectively at
Fraunhofer region for λP= 405 nm, ωo=388µm, L=2mm,
d=107.8 cm, and θP= 40.48
◦. (b), (f) The corresponding
intensity profile for θP= 40.99
◦. (c), (g) The corresponding
intensity for θP= 41.40
◦. (d), (h) The corresponding
intensity for θP= 41.78
◦.
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entangled state in the position-momentum basis and angular
displacement -OAM basis.
But people have some technique [45–48] to get polarization
entanglement from it as well. If we use two crystal with iden-
tical optic axis and place them back to back with the con-
dition that one of the crystal is rotated 90 degree about the
axis of the propagation of the beam from other. And the two
crystal’s optic axis is chosen as polarization basis then with
respect to these bases the polarization of the pump beam is
the superposition of the extra ordinary and ordinary polariza-
tion . So SPDC may occur if one of the crystal observes the
pump beam as extraordinary polarised and down converted
it, but the detector cannot fix that which crystal is causing the
down converted photon. To ensure that, both crystal is made
thin enough so that the ring or blob formed from any of the
two crystals are superimposed on each other. That is how the
polarization entangled photon generates from Type-I SPDC.
In Type- II SPDC [49] photon can be found in the super-
position of two polarization state where the signal and the
idler rings are intersecting in the Fig: 8(c). In the intensity
pattern, one ring is extraordinary polarised and the other ring
is ordinary polarised. At the intersection of the two rings, it
can not be determined that photon is representing which ring
hence the polarization of the photon is not sure. Which im-
plies that the photon at the intersection points has the super-
position state of polarization extraordinary and ordinary (hor-
izontal or vertical). They are polarization entangled photons.
The state of the polarised entangled photon can be written in
this form:
|ψ〉= a|H〉A|V 〉B+ b|V〉A|H〉B (100)
Here a , b are the complex number and |a|2 + |b|2 = 1 ,
the subscript A,B represents the photon A and photon B. This
is exactly the EPR-Bohm two-photon entangled polarization
state [6].
5.2 Correlation Width
People had studied the spatial correlation properties and its
relation with several experimental parameters [50–55] of SPDC
two-photon field over the past few year. In the two-photon in-
tensity pattern, the correlation width is defined as the range
of ρs( or ρi ) for which we get a substantial probability to
find signal(or idler). When an idler photon is detected at po-
sition ρi , the corresponding signal photon has an appreciable
probability of being detected anywhere inside an area whose
center is at −ρi and its radius is twice the pump beam radius.
Jha and Boyd has shown in their paper [56] rigorously that
with approximating the thickness of the non-linear crystal to
be negligible the pump beam waist at a distance D from the
crystal the correlationwidth(σ(D))will be twice of the pump
beam width ω(D).
Now we will calculate the pump beam width at distance
D from the crystal (thickness of crystal is considered negli-
gible). Taking the normal Gaussian pump field whose beam
Figure 9. two-photon correlation width relation with the
pump beam size.Here ωo is the pump beam waist, f is the
focal length of a thin lens, thickness of the crystal L→ 0. ρi
is the spatial position of the idler photon then the
corresponding signal photon ρs will be within the radius of
σ(D) which is twice of the beam spot size ω(D) .
waist at d distance before the crystal and placing a thin lens
just before the crystal (see fig:9) the expression of the pump
field becomes
E(x,y;D) =A′exp
− kp
(
x2+ y2
)
4iD2
(
1
2 f
− 1
2D
− 1
2d−ikpω2o
)
 (101)
Here A′ is the complex term. f is the focal length of the thin
lens, kp =
2pi
λp
is the wave vector of the pump field. And the
ωo is the beam waist. Now the intensity of this pump field at
z=D is :
I=E∗(x,y;D)E(x,y;D) = |A′|2exp
{
−2
(
x2+ y2
)
[ω(D)]2
}
(102)
Where ω(D) is the pump beam width at z= D. So the expres-
sion for the two-photon correlation width at distance D from
the non linear crystal is:
σ(D) =
2
f kpωo
[(
4d2+ω4ok
2
p
)
(D− f )2− 8d fD(D− f )+ 4 f 2D2
] 1
2
(103)
6. Angular Schmidt spectrum of
entangled photons
The characterisation andmeasurement of the angular Schmidt
spectrum have been a very challenging problem. Several
techniques both theoretically [54, 64, 67] and experimentally
[57–63] have been introduced to measure it. Torres et al. [64]
came with a theoretical formula for calculating the angular
spectrum number for collinear phase matching. Later Zhang
and Roux [65] extended it for the non collinear phase match-
ing. Though these methods are measuring the true spectrum
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Figure 10. (a)The variation of correlation width at D=1m
distance from the crystal with focal length of the lens. (b)
Correlation width dependence with the variation of D for f =
50 cm. Where λP=405 nm, ωo=388 µm, and d= 100 cm.
but with some divergence of integral issues. More recently
G.Kulkarni et al [66]. have derived the exact formula for cal-
culation of true angular Schmidt spectrum number with no
diverging of the integral issues for both collinear as well as
non collinear phase matching type-I in the same framework
and experimentally calculate the angular spectrum number
for them.
The two-photon state |ψ2(t)〉 can be expressed in terms
of Laguerre-Gaussian (LG) basis [64], [67–69].
|ψ2(t)〉= ∑
ls
∑
li
∑
ps
∑
pi
C
ls,ps
li,pi
|ls, ps〉s|li, pi〉i (104)
Here the suffixes s , I, and p are stand for signal, Idler, and
pump respectively. ls, li represents the OAM mode index and
ps, pi defined by the radial mode of signal, idler respectively.
Using momentum basis representations of state |ls, ps〉s [64,
67] : (LG)lsps(qs) = 〈qs|ls, ps〉 and in cylindrical coordinate
system C
ls,ps
li,pi
can be written as:
C
ls,ps
li,pi
=
∫ ∫ ∞
0
∫ ∫ pi
−pi
Φ(ρs,ρi,φs,φi)(LG)
∗ls
ps
(ρs,φs)
×(LG)∗lipi (ρi,φi)ρsρidρsdρidφsdφi
(105)
Now the probability of detecting signal and idler photon
with OAM modes ls and li respectively with all possible ra-
dial modes is:
P
ls
li
=
∞
∑
ps=0
∞
∑
pi=0
|Cls,psli ,pi |
2 (106)
The term (LG)lsps(ρs,φs) can be written as (LG)
ls
ps
(ρs)e
ilsφ .
We have the identity ∑∞p=0(LG)
l
p(ρ)(LG)
∗l
p (ρ
′) = 1pi δ (ρ
2−
ρ ′2). Also OAM conservation implies ls = −li = l. Hence
the angular Schmidt spectrum [66] can be written as :
Sl = P
−l
l =
1
4pi2
∫ ∫ ∞
0
∣∣∣∣∫ ∫ pi−pi Φ(ρs,ρi,φs,φi)eil(φs−φi)dφsdφi
∣∣∣∣2
ρsρidρsdρi
(107)
This is the theoretical exact derivation for calculating true
spectrum number. As the angle between the optic axis of the
BBO crystal and pump field propagation direction is the tun-
ing factor to get the collinear and non collinear phase match-
ing of entangled photons, this technique has been used to
generate experimentally [35] the type-I both collinear and
non collinear source for calculating angular Schmidt spec-
trum number which is characterised by Kα = 1/∑l S
2
l and
highest reported spectrum number 229 by single shot mea-
surement [60].
7. Conclusion
The usefulness of Spontaneous Parametric Down Conversion
(SPDC) as a source of entangled two-photon in the field of
quantum information [70], quantummetrology [71,72], quan-
tum imaging [7, 73] etc. is historic and self-evident. And for
experimentally handle it the phase matching condition has
a very crucial contribution. We have tried to make a clear
picture of that fact theoretically and experimentally both and
realised its collinearity and non-collinearity, their dependen-
cies with various parameters. We got the analytical expres-
sion for calculating the correlation width of two-photon at
a certain distance from the crystal front face with the thin
crystal approximation. Also we have reviewed the theoretical
calculations of Angular Schmidt spectrum number here. Us-
ing the Parametric down conversion two-photon generating
technique and varying the collinearity-non collinearity phase
matching conditions by tuning the θP the angular Schmidt
spectrum number for both collinear and non collinear type-I
can be measured experimentally.
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